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Given:

1 ) Displacement data on a set of grid points on an image plane
or a sequence of closely spaced image planes.

2 ) One or more components of the elastic vector are measured.

3 ) Either : time traces of the displacement data are given;
or : amplitude of a time harmonic excitation is given.
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Use :
(1) Mathematical model that governs the displacement;

(2 ) Smart algorithms that maximize information retrieval
from the data.

To:
(1) Create useful images that identify small inclusions or
low contrast changes or new information rich shear wave
related physical properties;

(2 ) Motivate new applications or, in some cases, design of
experiment.
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Images of University of Rochester Data ( Parker )
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Amplitude Data
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MR Image of Phantom Elastic Wave Amplitude Image
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Fink ( ESPCI ) Data

60

e rom e
Data from Transient Amplitude Image

Elastography Experiment
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Give models for u©

Isotropic Elastic Model — time dependent Given u(x,t)
VAV - u) + V- (u(Vu+ (Vu)")) = puy
single frequency Given 4 (x, w)

VOV -2) + V- (u(Va + (VD)) + w?pi = 0
wave equation — time dependent Given u(x,t)
V- (uVu) = puy
single frequency Given u(x,w)

V- (uVa) 4+ w?pti = 0

Notation: V-u = 5
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Approximations — Given u(x, t)or u(z,w)

A. Locally constant assumption:

 time dependent Vp + p[Au+ V(V -u)] = puy, p=2AV -y,
single frequency Vp 4+ p[AG + V(V - 4)] + w?pti = 0
time dependent wave equation yAu = puy

 single frequency AT + w?pi = 0

Isotropic elastic model1

phase offsel=8

B. Geometric Optics Approximation. 2
u = [Mg + %Ml 4 ]ew? w1 200
Vulplvel =1

p/p = wav

50

or 1 or 5 or 3 50 100 150 200 250
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Wave equation: puy = V - (uVu)

Propagating front:

20F
40 -
t=1t t=1t- B0

80
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100 120

Line
source =

20k

40 -

B0

80

160 1éD
Transient Elastography
Supersonic Imaging

Let T'(x) =min{t : u(x,s) = 0,s < t} - Arrival Time.

M\VT| =1
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Consider:

V- (uVu) = pug

Vi Va4 puAt+ w?pt =V - (uVi) + w?pt = 0
locally constant assumption yields

L — —w?i
p Au

or target phase wave speed or arrival time equation ( Eikonal equation)

Ju/plVel =1 1/ pIVT| =
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Finite Difference Methods For
V- (uVa) + w?pa =0

1. Calculate the derivatives of the data:

.l-- l\

A. (i) Use centered difference ﬁ’? () = ﬂ(m_i_h)if'{m_h) (too noisy) , stepsize=h;

(ii ) Calculate centered difference for several ste})size {hi}i—1,, Take weighted
average or median ( see K. Lin’s talk ) of {@z'}"_4. Control noise by bounding

the variance.

(iii ) Use similar idea for second derivatives.

B. (1) Start with A (i) above;

_(jﬂ;—:l:)g
(ii ) Smooth by mollifying iz (z) = \/%J [ e 202 al(y)dy

( equivalent to low pass filter ).

(iii ) Use similar idea for second derivatives.
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1. ( cont ) Calculate derivatives of the data:
C. (1) Assume u = @—1 a;pi(x), {d}i}z—l polynomials or finite elements.
Choose {@;}i—1 to minimize
T 2 . .
] 1 [ 1 a;p;(x) — H(SE)] dx  (least squares approximation )
(i) Gy = Y7 a;6;,4()
(iii ) Use similar idea for second derivatives.

2. Modify step sizes according to the signal to noise ( SNR ) ratio and the oscillation of 7 .
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Calculate 1/p or M

I. Locally constant assumption:

p/p = —w2us/Aus, Au®,u® smoothed

Advantage : Local algorithm.
Disadvantage : (a) neglect V {4 terms and

information of other

components of elastic vectors q

(b) oscillations in u may restrict
15 20 25 30 35 40 45 a0 a5 ]

noise removal.

II. Currently being investigated: Wave Speed Reconstruction With Fink's
Isotropic Phantom Data By Method A

V- Vu® + pAu® 4 wz;:t)us =0

first assume p = constant
Basic Questions: (a) Does elimination of Vi - Vu® term result in serious imaging error?
(b) Can we make a local algorithm in this case?
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= Calculating Phase Wave Speed or Shear Wave Speed in

£
AWk
e Ll -

"o’ N
Vi/p = 1/|V| Vu/p = 1/|VT
(Geometric Optics Assumption) (No Locally Constant Assumption)
Methods:

1. Make polynomial approximation of ¢ to calculate derivatives;
2. Use averaging or medians of finite difference approximations to get V¢ or 7' ;

3. Distance method ( McLaughlin, Renzi )
— uses speed = distance / time

Ty 1 : ~
VE@) = 5kz [Minpy =1+ 4 12 —

+ MiN ez —rey— a1 — 2|

slow but reliable.
Choose step size according to SNR
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Calculating Phase Wave Speed or Shear Wave Speed in

Vi/p = 1/|V| Vu/p = 1/|VT|

(Geometric Optics Assumption) (No Locally Constant Assumption)

4. Level Curve Method ( McLaughlin, Renzi )— Fast method O(N), N number of grid points.
(a ) Construct higher dimensional function +(z,t);

Y(z,T(z)) =0 f / () =1
(b) Y(y, 1) = £ mingy— |z — yl; / /y>¢f/

(c) Ui(@, D)y=pe) = O
(d ) Show Yy =\ pu/p

x oy %0 o €0 20 2 a0 B’ w 50 55 [
x, (depth)

AaemEim Ao By aennsimalion B
. trasound Image
Distance Method Level Curve Method g
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Back Up : We have to find ¢ or 7’

I. Mathematically 4 = M (z)e!?(@)
M = |al
Re 4/M = cos ¢
Re u/ Im u = cot ¢
II. Phase unwrapping :

¢(x) =arccot[Reu/Imu]

Typical recovery ( simplified diagram )

S S
777777
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@ For 7'- find position of
the wave packet at front
of wave.
xmp=—————————————— - == I
' [
' I
' I
10.95cm |
Ocm l«—>@ [ I
' I
: 4.18cm I
I | | | |
[ I e .
2eml L L L o e e e e e e e - — = I T T T
Ocm ' é?siqzzzfrl:lngtrlime trace 7

0.04 0.05 0.06

Method 1 : Determine arrival time surface by correlation

T(z1) := T(z¢) + Af where 1 = zo + Az and

/u(a:g, Hu(xzy,t — At) dt.

At = arg max
At

Method 2 : Take viscoelastic effects into account; See poster of Jens Klein.
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Amplitude

: : Amplitude Time Traces In
il plists W Lo Holographic Wave Experiment
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Method
( McLaughlin, Renzi )

e Use cross covariance function to estimate
arrival times of moving interference pattern

e Use Eikonal equation to find the speed of the
moving interference pattern

cs = phase wave speed.
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Start with : Isotropic models

Use linear elasticity equation system or acoustic model

Geometric optics approximation

— aeiwl (p(xz)—1)

At receiver U9 be_mﬁ y W1 — W2 — 0(10_1)

Measure |u| = |u; + ug| = a’ + b% + 2abcos(Y(z, 1))

Y(x,t)=wi(¢(x) —t) + wat, wo=ws + Aw

v (Aw)’cs
|_Vx’7|_2 wi
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Holographic Wave Experiment Images

250

200

1150

4100

Phase Wave Speed
Reconstruction

Amplitude Data
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Create Hybrid Methods: Apply to MR Data Example
(McLaughlin, Renzi, Yoon)

1w/ pAT + w?a =0

Example: Let & = Me'?, Assume p/pisreal = \/pu/p = _wgﬂ/f’/ [&Mf — M|V¢,]2]
( Step 1: Calculate/\ M using finite difference averaging;

Adjust step size according to SNR.
Hybrid Method { Step2: Calculate V| 2as ] / c2 from c|V¢| = lusing level curve method ;

Adjust step size according to SNR.

Hybrid Method Alternate Hybrid Method

\ Step 3: Apply local averaging to M.

20
40
60
80
100
120
140
160
180
200

Standard MR Image

220 !
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MR Data Reconstruction Displacement Amplitude Image

Without Hybrid Method
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Finite Element Methods

Start with: V - (uVa) + wzpﬁ =0 O

Weak solution formulation

dﬂ . T ' - -
Jog Uj;uﬁ — JouVv; - Vi + [q pw2u1}j —0 {t{;, 1-test element

/N

Advantage: Don’t need to take derivatives of p;
Basic Method: 1. 7; and its derivatives — calculated as before;
2. Make expansions of [ — ?: 1 flif i s

3. Find {a;};—{ from the n equations.
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Maniatty and Park ( Rensselaer )
— see talks at conference

»  Subzone Method:

» _
A. Eliminate boundary term; mile e e e e
(only for acoustic model) mlg-9 e @92

'O

%
A e e X X
H-0-0-0-0-0-1

{e
"-0-0-0-0-0 B

fo

6

1O

B. Assume M does not vary in

L 0,0,0,010.10
normal direction in outer _O_¢-C3 il g E>-+_C;
e SIS

N N

C. Assume p = constant;

D. Make finite element
expansion for ~.
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Full Elastic Model

We obtain
JapVvi+3 [onu [Vﬁ + (Vﬁ)T} : [wj + (vfuj)T} + w2 [ pii - v

Apply subzone method : Now find p = pressure and p. traction

.i .i

Using 2 component data (u,,u,),
reconstruct 3rd component using

Usmg 3 component data

incompressibility assumption with filter
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Pressure Isn’t Zero In Heterogeneous Case

Recovery of pu with synthetic data — multiple inclusion;

38 - —20 38
. Im :
i !
0 38

0 X Position (mm) 38 0 X Position (mm) 38

Y Position (mm)
Y Pasition {mm)
Y Position (mm)

X Position (mm)

_ Reconstruction of

Exact '

1} 0. 1 with no noise: Reconstruc_non of
p neglecting p

Image is of p

Note: p= 0
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Consider Anisotropic Models

Single muscle cell
{fiber)

Muscle bundle
(tascicle) surrounded R
by connective lissue - 2588

Conneclive
lissue sheath

Whole
muscle

Tendon

|'-‘---‘-
cora—_ il /

Muscle tissue has ﬁbers ; Copyright @ 2001 Banjamin Cummings, an imprint of Addison Wasley Longman, Inc.

A

* Elastic properties of cancerous tissue may be anisotropic
(preliminary studies) ;

e More correct models give better results ;

* Distinguish cancerous from benign tissue .
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Model for Transversely Isotropic Medium
( fiber in x3 direction )

pﬁtt — v o — v . (CG) € = %(Vﬁ—FVﬂT), C = (Cijkl)

By relabelling (11,22,33,23,31,12) — (1,2, 3,4,5,6), 0 = Ce is represented by

( ad1 \ ( C11 C11 — 2(355 C13 0 0 0 \ ( €1 \
op) C11 — 2Cg6 C11 ciz 0 0 0 €2
o3 | €13 C13 czzg 0 0 0 €3
a4 0 0 0 2(344 0 0 €4
J5 0 O 0 0 2(344 O €5
\o ) \ 0 0 0 0 0 2 )\ & |
1 _ ' :
c1i1 =(1—nvi)D, c13 =vpp(l+1vp)D, c33 = —(1—v2)D, Ep, Ey =Young > e
n vp,Vf, =Poisson’s ratios
E, P E, pfp =shear modulus
Cad = lbfp, Co6 = , — . _
4= Hfp 66 2(1+vp) (l—l—up)(l—up—Qnuch) n=Ep/Es
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Transversely Isotropic Medium

1 -
Incompressible condition: 0 = V - i = tr(e) € = 5 (Vi + va')

For transversely isotropic medium: 1 =wv, +nvs,, 1=2vy¢,

Identify Or identify
E,, Es =Young’s moduli Ca4 = Pfp
h dul 2
y =Sl car 1Imoaulius C66 —
Hiv (4Ef — Ep)

f = fiber direction

= fiber direction

khlﬁ
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Incompressible Arrival Time Or Phase Equations

. L f fiber direction
f fiber direction

051,V Tsk SH propagation 0os
direction VT1gs QS propagation
direction

2 066 (044 (366) (VTsw - f)?
VTsh|?

2 C66 C44  Co6
COSs ~on (7 — p—n) (1 — 2(VIgs - f) (\VTQS\ )
Goal: Find EP? Efj Hfps and f

b B
Recall Ca4 = [fp, 6662(4]53;—%)’ n=F,/F;
p

csH,cQs - speed of SH (or QS) wave in

direction orthoaonal to lines of constant nhnqp

Nt Nf W ¥ N ~ T~ LIRS A L
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Fiber Br
direction

=

20+
40 -
Bl -
gl -

C66 Cq44  C66 \ (s .
G = B () (g - )

Wave Fronts in Measured Data

gl -

| 1 1 1 1 |
20 41 511 80 100 120

1 |
100 120

p PP
Vigg = VT /IVTsy|
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Anisotropic Case: Propagating Fronts

U Arrival Time:

Tsg(x) =inf{t € (0,T) : u(x,s) =0,s < t}

Theorem: If Caa, Cgg, p € CH(Q) and Tgy is
Lipschitz continuous, then
f fiber direction C%H _ 066 I (044 B 066) (VTSH . f_>2
p p p ) |VTsgl?

2 2 __
Osy CS’H|VTSH| = 1.

VTsy Goal 1: Given Tgy find Cgp.

normal to the front
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In Isotropic and Anisotropic Cases:

Goal 1:Find speed in direction orthogonal to front;

Anisotropic Case:
Goal A: Given f, Cgg/p and VTsy Lf, image /Cas/p;

Goal B: Given f, VIsyLf, image \/Cesgs/p:
Goal C: Given multiple Ts, find \/Caa/p, \/Ces/p, F.

Isotropic: Cs|VT| =, /B|VT| =1

Anisotropic: 1= C%,|VTsy|? = Qgﬁ|VT5H|2_|_(C;4 - Cgﬁ) (VT f)2
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We can find wave speed in each case

Image plane perpendicular to fibers

( Single component measurement, downward direction ) O
. _ Ce6 Cq4  Ce6 3
EulVTsn|? =1 = 22| VTsn? + (2 - 22)(VIsz - /)2
o p P
2 C66 | |

Single measurement
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15

20+

25+

30

35

40
-10 -5 0

Wave Speed Normal
To The Wave Front

53

1304;/.0

Assume f and Cgg/p known
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3D - Basic Equation

C3py = o7 = <66 + (“44 — Co6) (V- f)2 ¢ = Tgp ()

With four data sets {(‘G’g;@bif?OgH)}?:l, there

are at most four distinct solutions {C%,/p, C&¢/p, f_jf}‘gzl.

( This is a consequence of the nonlinearity )

Basic Property:

Cee/p is the root of a fourth degree polynomial.
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Numerical Reconstructions With Synthetic Data

V/Ces/p i

10 20 30 40I

10 20 30 40I

3
25 40
12 30
11.5 20
1110
0.5

0

\/Caa/p

3

2.5

\/ﬂ

|

0.95 40

10.9 30
10.85 20

10.8 49

0.75

0.7

10 20

0.25 40

10.2 30

10.15 20

0.05

10 .20

;

30

40

0.3

0.25

10.2
10.15

10.1

10 20 30 40I

0.05

0

[ True f£ =1 in inclusion ][ True f,g = 0 in inclusion ]ﬁrueﬁg%&wmg@ﬁq
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Total Variation Denoising

“(y9)

Targeted final imaging functional

). (),

For all images — can apply smoothing to images.

L, W
YN

Values from reconstruction

with regularized Euler-Lagrange equation

v( %)F + 27
Fm]

Introducing the evolving variable s, solve

S o B

min

vV 1/peEBV

V -

+ €

T

p

—-V.

).
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Conclusion

+ Inverse Problem:
1. Modeling;
2. Identify richest or most usable data sets;
3. Identify acceptable approximations;
4. Smart algorithms.
- Data:
1. Data smoothing that maximizes information content;
2. Identify rich data subsets.
» Algorithm Options Covered In This Talk:
1. Finite Difference based local algorithms;
2. Arrival Time algorithms;
3. Finite Element weak solution formulations.
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