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Summary: A new wavenumber matching method to be used in Fourier’s transform-based beamforming 
methods is reported. Usually, the wavenumber matching is performed approximately by interpolating spectra 
in a frequency domain or using a special Fourier’s transform with nonuniform sampling intervals. In contrast, 
the new wavenumber matching method permits to carry out beam steering on an arbitrary coordinate system 
without any approximate calculations. For echo data generation, a high accuracy and a high speed are 
achieved. The feasibility of the new wavenumber matching method is confirmed for J.-y. Lu’s method through 
simulations and agar phantom experiments. 

 

1. Introduction 

Recently, raid tissue motions are measured ultrasonically with high frame rates in various manners 
(e.g., parallel processing etc.), for instance, shear wave propagation, carotid blood flow, heart motion, use of a 
2-dimensional (2D) arrayed-type transducer etc. For such measurements, we previously proposed to use 
steered plane wave transmissions (e.g., [1]) in conjunction with the use of the lateral modulation (LM) method 
(e.g., [2]) and a steering angle (ASTA) method (e.g., [3]). The transmissions are performed respectively or 
simultaneously. The respectively received echo data with different steering angles can also be coherently 
superposed to yield high lateral resolution echo data (e.g., [1]). For such plane wave generations, as far, other 
three groups from us have reported fast beamforming methods using Fourier’s transforms ([4-6]). 

In this study, a new wavenumber matching method to be used in Fourier’s transform-based 
beamforming methods is reported [7,8]. In such Fourier’s transform-based beamfroming methods, the 
wavenumber matching is usually performed approximately by interpolating spectra in a frequency domain [4,6] 
or using a special Fourier’s transform with nonuniform sampling intervals [5]. In contrast, the new 
wavenumber matching method permits to carry out beam steering on an arbitrary coordinate system without 
any approximate calculations. For echo data generation, a high accuracy and a high speed are achieved. The 
feasibility of the new wavenumber matching method was confirmed for J.-y. Lu’s method [4] through 
simulations and agar phantom experiments. 

 

2. Methods 

To achieve the steering shown in Fig. 1, the new wavenumber matching is performed with respect to J.-
y. Lu’s method [4] through the two complex exponential multiplication steps (see steps 2 and 4 shown in Fig. 2) 
for the respective lateral (x) and depth (y) directions [7,8]. The step 4 also performs the calculation of angular 
spectra at respective depths simultaneously (i.e., obtaining a resolution) [7]. That is, before performing a lateral 
(x) Fast Fourier’s transform (FFT), signals are multiplied by ( )xsinikexp)xikexp( t

x θ=  where k is the 
wavenumber of ultrasound and when non-steering is performed, θ  is 0° (actually, FFT including the 
multiplication is effective); and when calculating the angular spectra of respective depths of interest by 
multiplying ( )ykkiexp 2

x
2 −  [7], signals are multiplied by ( )ycosikexp)yikexp( t

y θ=  simultaneously. 

The calculation is similar to the classical synthetic aperture (SA) method reported by Busse [9]. 
Although these calculations are performed through the conventional one-dimensional Fast Fourier’s transform 
(1D FFT) in steps 1 and 3, the last two-dimensional (2D) inverse Fourier’s transform to be performed is carried 
out by the faster processing reported by Busse [9] (steps 5 and 6), i.e., the summation of spectra with respect 
to a wavenumber for the respective lateral wave numbers and only 1D IFFT at the respective depths. 
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Fig. 1. Beam steering with steering angle θ . The 128 linear array elements and 5 scatters (depth 30 mm) are 
also depicted to be used in simulations. 

 

 

 

 

 

Fig. 2. Steps of beamforming. 

 

Also for a dynamic focusing, such special FFTs will be effective to complete calculations faster. 

When plural steered plane waves are transmitted simultaneously, respective echo waves separated in a 
frequency domain in advance are similarly processed, and finally the steps 5 and 6 are performed on 
superposed data. 

 

3. Simulations 

Simulations are performed to confirm the feasibility of the new wavenumber matching method. An 
arrayed-type transducer is simulated using Field II [10]. For instance, with respect to the simulation phantom 
(5 scatters at a depth 30 mm) shown in Fig. 2, a linear arrayed-type transducer (3 MHz; pitch, 0.1 mm; kerf, 
0.025 mm; 128 elements) yields echo data with no steering (Fig. 3a) and with steering angles, 5°, 10° and 
20°(Fig. 3b-3d). Generated steering angles were statistically evaluated using spectral moments [11] (Table I). 
Regardless the steering angles 0° to 20°, errors in a generated steering angle are less than 1°. 

Although the superposition of a few echo data frames with a coarse steering angle interval permits both 
echo imaging with a high lateral resolution and accurate displacement measurement (for instance, lateral 
wavelengths, 2 , 3 , ∞  etc. [1]), Fig. 4 shows echo data obtained with a fine steering angle interval 1=θ∆ : (a) 

θ  =0° 5± (i.e., 11 waves), (b) 0° 10±  (21 waves) and (c) 0° 20±  (41 waves). Increasing the number of waves 
increased a lateral resolution. Practically, the range of a steering angle and an echo SNR are critical together 
with the number of waves. Fig. 4c shows echo data obtained using Busse’s SA method (θ  =0°). Note that the 
Busse’s SA method yields a high lateral resolution. 

 
4. Agar phantom experiments 
             Agar phantom SA data were also used for the new method. Fig. 5 shows envelope-detected echo images 
obtained for steering angles, (a) 0 , (b) 5 , (c) 10  and (d) 20 . 
 
5. Conclusions 

We developed a new wavenumber matching method to be performed in high speed Fourier’s 
transform-based beamforming for plane wave transmissions. The feasibility and accuracy were confirmed  

1. FFT with respect to time t; and performing down-sampling if possible. 
2. Matching on lateral kx. 
3. FFT with respect to lateral x. 
4. Matching on depth ky and calculation of angular spectra with respective depths of 

interest. 
5. Summation with respect to k. 
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Table I. Generated steering angles for simulated phantom. 

Set steering angle [deg] 0 5 10 15 20 

Estimated angle [deg] 0.1 4.6 9.2 14.7 19 

(a) (b)  

(c) (d)  

Fig. 3. Echo (rf) images obtained (a) with non-steering (steering angle, θ  =0° ), and θ  = (b) 5°, (c) 10° and (d) 
20°. 

(a) (b)  

(c) (d) (continue.) 
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Fig. 4. Echo (rf) images obtained via coherent superposition of waves (a) with θ  =0° 5±  (11 waves with 
interval, 1=θ∆ ), (b) 0° 10±  (21 waves) and (c) 0° 20± (41 waves). (d) Image obtained using Busse’s SA 
method (θ  =0°). 

(a) (b)  

(c) (d)   

Fig. 5. Envelope-detected images obtained for agar phantoms for steering angles, (a) 0 , (b) 5 , (c) 10  and (d) 
20 . 

 

through simulations and agar phantom experiments. Particularly in this report, the feasibility of the new 
wavenumber matching method was confirmed for J.-y. Lu’s method. Different from other Fourier’s 
transformed-based methods, the method permitted the echo generation without performing any 
approximations on an arbitrary orthogonal coordinate system. The new method also achieved both non-
steering and steering without any approximate calculations. The PSFs obtained were compared with that 
obtained using Busse’s SA method. Coherent superposition of steered waves was effective to increase a lateral 
resolution. The method can also be applied to other Fourier’s methods including migration methods (e.g., [6]). 
Using the new method, various scanning can be performed with a high accuracy (e.g., sector, radial, convex, 
fan etc.). The accuracy of echo imaging and displacement measurements will also be improved. 

 

Appendix. Rotation of coordinate system 

         A coordinate system can be rotated by delaying SA data at respective lateral position x via multiplication 
of exp[-jωτ(x)] in a frequency domain (Fig. A1) [12]. 

 4  
 
 

 



     
Fig. A1. Rotation of coordinate system.                       Fig. A2. Rotation of coordinate system by 5°. 

 

c
tanx2)x( θ

×=τ
. 

Using the same transducer parameters, the same simulated phantom was dealt with. Fig. A2 shows 
the 5° rotation achieved using Busse’s method. A rotation angle obtained was 4.6°. 

 

References 

[1] C. Sumi et al. Applications of coherences of ultrasounds and low frequency waves. Proc and abstr of the 11th 
Tissue Elasticity Conf, 2012. 

[2] C. Sumi et al. Displacement vector measurement using instantaneous ultrasound signal phase -
Multidimensional autocorrelation and Doppler methods. IEEE Trans. on UFFC, vol. 55, pp. 24-43, 2008. 

[3] C. Sumi et al. Ultrasonic lateral modulation imaging, speckle reduction, and displacement vector 
measurements using simple single-beam scanning or plural crossed-beam scanning with new spectra 
frequency division processing methods. Rep Med Imag, vol. 5, pp. 23–50, 2012. 

[4] J. Cheng, J.-y, Lu. Extended high-frame rate imaging method with limited-diffraction beams. IEEE Trans 
UFFC, vol. 53, pp. 880-899, 2006. 

[5] D. Garcia, L. Le Tarnec, S. Muth, E. Montagnon, J. Poree, G. Cloutier. Stolt’s f-k migration for plane wave 
ultrasound imaging. IEEE Trans. UFFC, vol. 60, pp. 1853-1867, 2013. 

[6] . Kruizinga, F. Mastik, N. de Jong, A. F. W. van der Steen, G. van Soest. Plane-wave ultrasound 
beamforming using a nonuniform fast Fourier transform. IEEE Trans. UFFC, vol. 59, pp. 2684–2691, 2012. 

[7] C. Sumi, N. Yamazaki. High speed echo data generation using Fourier’s transform with no approximate 
calculations. IEICE Technical Rep of US meeting, 2012-7, pp. 55-59, Jul 2012 (in Japanese). 

[8] C. Sumi, N. Yamazaki. High speed echo data generation using Fourier’s transform with no approximate 
calculations -Echo data generation using Fourier’s transform (3rd report). IEICE Technical Rep of US meeting, 
vol. 2013-6, pp. 7-12, 2013 (in Japanese). 

[9] L. J. Busse. Three-dimensional imaging using a frequency-domain synthetic aperture focusing technique. 
IEEE Trans. UFFC, vol. 39, pp. 174-179, 1992. 

[10] J. A. Jensen, Proc Med Biol Eng Comp, 10th Nordic-Baltic Conf Biomed Imag, pp. 351-353, 1996. 

[11] C. Sumi, Reports in Med Imag, vol. 3, pp. 61-81, 2010. 

[12] C. Sumi, N. Yamazaki, Y. Ishii. High speed synthetic aperture beamforming on arbitrary orthogonal 
coordinate system. IEICE Technical Rep of US meeting, vol. 2011-2, pp. 35-38, Feb 2012 (in Japanese). 
 
 

 5  
 
 

 


